A new technique that can efficiently approximate the attracting set of a nonlinear dynamical system is proposed under the framework of point mapping with the cell reference method. With the aid of the approximated attracting set, the difficulties encountered by the PIM-triple method and bisection procedure in finding trajectories on the stable manifolds of chaotic saddles in basins of attraction and on basin boundaries can be overcome well. On the basis of this development, an effective method to determine saddle-type invariant limit sets of nonlinear dynamical systems can be devised. Examples are presented for the purposes of illustration and to demonstrate the capabilities of the proposed method.
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Unstable invariant limit sets and their stable and unstable manifolds of a nonlinear dynamical system are important because the interplay between them and the attractors can provide a way to understand the mechanisms of many dynamical phenomena, i.e., intermittency, [1] crises [2, 3] and boundary metamorphoses. [4, 5] However, due to the extreme sensitivity of the unstable invariant limit sets on the initial conditions and the accumulated numerical error in computation, it is not a routine work to numerically determine the unstable invariant limit set.
In Ref. [6] , a numerical technique called the PIMtriple method was presented for finding trajectories which will stay in chaotic saddles for arbitrarily long period of time by solving the so-called "dynamic restraint problem". It was assumed that a restraint region, which contains a chaotic set but does not contain an attractor, is known or can be defined in priori. The bisection procedure, [7] which is proposed to determine chaotic saddles within basin boundaries, is implemented in a similar way.
The main difficulties in applications of these two methods are: properly defining the restraint region that contains no attractor but the unstable invariant limit set to be detected, and correctly setting a line segment that may intersect transversely with the stable manifolds of an unstable invariant limit set. Since it is generally unknown for a given nonlinear system if such unstable invariant limit sets exist and where they are located in the state space before an effective global analysis is undertaken.
Most recently, it was demonstrated in Ref. [8] that the difficulties encountered by the PIM-triple method and the bisection procedure can be largely overcome when these methods are incorporated in a two-scale numerical method for global analysis. With the assistance of cell reference, the two-scaled global analysis method, i.e. point mapping under cell reference (PMUCR), [9] can also adopt the concept of self-cycling cell sets in Ref. [10] by finding the image cells of each cell in the cell reference. As known in the cell mapping methods, [10−14] the persistent self-cycling cell sets correspond to attractors and the transient self-cycling cell sets correspond to the unstable invariant limit sets in the cell scale. As shown in Ref. [8] , the implementation procedure makes the PIM-triple method and the bisection procedure become efficient and effective techniques in determining saddle-type unstable invariant limit sets. This means that it is now unnecessary for an investigator to define the restraint regions and set line segments according to the priori knowledge on the global properties of a nonlinear system. In contrast, the process of detecting and determining the saddles is automatically accomplished by computers.
However, it is known from the cell mapping methods [10, 14] that a cell may have many image cells, up to more than hundreds, depending on the cell scale. To record the image cells of all cells in the chosen region a two-dimensional array at least is needed. This will greatly increase the storage requirements, especially in the case of high-dimensional systems.
In this Letter, a more efficient way to assist in the definition of restraint regions and the set of line segments for the PIM-triple method and the bisection procedure will be proposed based on the mathematical concept of the attracting set of a nonlinear dynamical system. [15] By constructing a partial covering of an attracting set, only a one-dimensional integer array and a computational operation of judgment on the magnitude of the element are sufficient. This method of implementation can enhance the capability of PMUCR in the determination of (hyperbolic) saddle-type unstable invariant limit sets, but overcomes the difficulty of the remarkable increase in storage memory by using the self-cycling cell sets.
A finite dimensional dynamical system governed by an ordinary differential equation can be expressed as˙=
where ∈ ⊂ is the -dimensional state vector, ∈ the time variable, and a vector-valued function of and .
denotes the chosen region in the state space within which the global structure of the system will be explored.
Equation (1) can often be casted into the form of a point map or Poincare map in discrete instants of time as
where ∈ represents the time points at = with being the sampling time interval, and stands for the set of integers.
Some of the mathematical definitions on dynamical systems given in the form of sets [15] are restated here. One concept is the trapping region that is a closed connected set ⊂ such that ( ) ⊂ . The other concept is the attracting set that is a closed set if it has some neighborhood such that ( ) → as → ∞. An important relation between both sets is
The attracting set is also called the global attractor in Ref. [16] and contains the stable and unstable invariant limit sets with their unstable manifolds of a nonlinear dynamical system. For the implementation of obtaining the attracting set as defined by Eq. (3) in the chosen region of the state space, the chosen region is first divided into uniform cells (subsets). That is,
where is a rectangular parallelepiped in the state space standing for a cell (subset), and is the total number of cells in the chosen region. The scale of the cells (subsets) can be defined as =max diameter( ).
Then, the one-step image cells of each cell in , which actually should enclose all the one-step image points of each individual point in the cell (subset), are determined. After that, the cells that have no pre-image in are removed. In this way, an approximation of set with an error less than the scale of cell is obtained and is denoted as
Obviously, ⊂ , so we call the set a covering of attracting set in cell scale within , or a covering of attracting set in short.
Following relation (3), a subdivision method with cells in ever finer scales is adopted in order to reach better approximations of the attracting set, where it is called the relative global attractor in Ref. [16] . Since it is not necessary to obtain the fine structure of the attracting set for the purpose of the present work, a covering of attracting set in a given cell scale is sufficient for defining the restraint regions and setting the line segments of the PIM-triple method and the bisection procedure.
In the following, we describe how it is possible to obtain a partial covering of attracting set without the need to determine the image cells of each cell in the cell reference of PMUCR. In PMUCR, two coordinate systems in two different scales, the Cartesian coordinates and the cell coordinates as defined in Refs. [10, 11] are built simultaneously in the same state space, which describe, respectively, the state space continuously with points and discretely with cells. The cell coordinate system will work only as a reference to observe and record the flow of trajectories in the Cartesian coordinate system. During generation of the trajectories in the Cartesian coordinates, the cells in the cell coordinates acquire the flow information and then provide real-time assistance for an efficient determination of the attractors in the point scale. To do so, a character identification function, ( ) (see Refs. [8, 9] ) is defined on each cell in the cell reference, whose values identify the characters of the corresponding subset in the state space. For example, if a cell has not captured any processed points, that is, no trajectory has been started from or passed through the cell, it will be called a virgin cell and characterized by ( ) = 0. If all the processed points (left by the processed trajectories starting from or passing through the cell) in a cell belong to the same basin of attraction of an attractor, say the th attractor in a computation, this cell will be called a basin cell of the th attractor and denoted by ( ) = . If the processed points within a cell approach different attractors, this cell will be referred to as a boundary cell and characterized by ( ) = . This function can also be used to indicate that a cell becomes a cell under processing, that is, the cell has been passed through by a currently processing trajectory. A negative integer will be assigned to ( ) in the following ways. If a virgin cell becomes a cell under processing, its ( ) will be assigned as −( + 1). If a basin cell to the th attractor or a boundary cell becomes a cell under processing, we simply change the sign of the character identification function as ( ) = − or ( ) = − . The basins of attraction in the cell 050503-2 scale are easily identified by a computer and can be used to define the restraint regions of the PIM-triple method after canceling the cells that contain points of attractors.
The cell reference can also be used to obtain a good approximation of a covering of attracting set, , defined in Eq. (3) . From the definition it is known that the key point is to determine if a cell in the chosen region has a pre-image cell. By generating trajectories from initial points distributed uniformly in the chosen region of the state space, some cells in the cell reference may be passed through by more than one trajectory, including the ones that do not start from the cells. Cells of this kind are actually cells that have preimage cells and belong to the cell set . Although it is impossible to find all the cells in the chosen region that belong to the set of in this way, it is believed that the majority of the cells in the chosen region that belong to the set of have been determined when the number of initial points is large enough. The approximation of a covering of attracting set obtained in the above way is called a partial covering of the attracting set in this study. In the implementation to obtain the partial covering of the attracting set, simple characteristic functions in the cell reference, a determinacy measurement function ( ) defined in Refs. [17, 18] , will be used for this purpose. With the above character identification function ( ), two one-dimensional integer arrays of length are used to store the values of ( ) and ( ) in the cell reference. The absolute value of ( ) of a cell simply records the number of processed points in this cell. The sign of this function can also be used to identify if a cell contains the points of attractors. For instance, we can set the cells containing points of attractors with a negative value of the determinacy measurement function ( ) < 0. It is known that the number of initial points may not equal the number of cells, , in the cell reference in PMUCR. However, the maximal number of initial points contained in cells of the cell reference, say max , is a known parameter at the beginning of a computation. It is guaranteed that all the cells in the cell reference with | ( )| > max will have at least a pre-image cell and belong to the covering of attracting set, though it may be uncertain whether a cell in the cell reference with | ( )| ≤ max belongs to the set. This is the reason why the cell set obtained in this way is called a partial covering of attracting set, which can be used as a guidance for the set of a line segment, , in the PIM-triple method and the bisection procedure.
The diagonals of cells in the cell set of a partial covering of attracting set may be defined as the line segments which intersect the stable manifolds of the unstable invariant limit sets for the PIM-triple method and the bisection procedure. Readers can see Refs. [6, 7] for detailed implementation of the two methods. Since the cells in the partial covering of attracting set may be basin cells to different attractors or boundary cells, the PIM-triple method will be applied to the basin cells while the bisection procedure will be applied to the boundary cells. To demonstrate the capability of obtaining the unstable invariant limit sets of the present method, two examples are presented in the following.
As the first example, we study a two-dimensional case of a scaled Henon map governed by
The chosen region in the state space is defined by Fig. 1(b) . Since each cell contains only one initial point (initially | ( )| = 1), the cell set of a partial covering of attracting set is determined by finding the cells with | ( )| ≥ 3 in the cell reference, and is shown in Fig. 2(a) . In fact, the cells with | ( )| = 2 should also belong to this set according to the definition, and the word "partial" indicates that the main part of the set is of the most interest. In this way it is unnecessary to set line segments in unimportant cells (sub-regions) to save computational work. The partial covering of attracting set is also marked in color according to the basin cells and boundary cells as defined in Fig. 1(a) . By applying the PIM-triple method and the bisection procedure on the cell set of the partial covering of attracting set for the detection of unstable invariant limit sets, 050503-3 the chosen region after the removal of cells containing points on attractors is defined as the restraint region. After computation, one period-6 saddles in the basins of the attraction of the period-12 attractor and one period-6 saddles on the boundaries between the basins of attraction of the chaotic attractor and period-12 attractor are found. The saddles are located very close to the attractors. Furthermore, one period-1 saddle on the boundary between the basins of attraction of the chaotic attractor and infinite attractor is obtained. The different types of saddles of the scaled Henon map are demonstrated in Fig. 2(b) . 
The chosen region in the state space is defined by −21.0 ≤ ≤ 21.0, −21.0 ≤ ≤ 21.0, −5.0 ≤ ≤ 30.0. For the system, two stable spiral fixed points, denoted as + and − , coexist, and the unstable invariant limit sets are one saddle at origin and a hyperbolic unstable invariant set.
The cells in the cell reference are a cell array of dimensions 30 × 30 × 30 overlaid in the chosen region. There are 30 × 30 × 30 initial points distributed in the whole chosen region. Figure 3 shows the basins of attraction in the cell scale. The basin cells in red stand for the basin of ( − ) and in blue for the basin of ( + ). In this figure no boundary cell is observable. The two fixed points obtained by the present method are shown in Fig. 4(b) .
The cell set of a partial covering of attracting set is determined by finding the cells with | ( )| ≥ 3 (since each cell in the cell reference contains only one initial point), as shown in Fig. 4(a) . The cell set is also marked according to basin cells as defined in Fig. 3 . The boundary cells are colored in cyan. By applying the PIM-triple method and the Bisection procedure on the partial covering of attracting set, the saddle fixed point and the hyperbolic unstable invariant set are obtained as shown in Fig. 4(b) . The validity of the present method for the determination of unstable invariant limit sets is well demonstrated.
In this work, the partial covering of attracting set that can be readily implemented numerically is defined on the basis of the mathematical concept of the attracting set of nonlinear dynamical systems. Then, a very effective but simple procedure is proposed to properly define the restraint region and setting line segments to transversely intersect the stable manifolds of saddles in the PIM-triple method and the bisection procedure. It is emphasized here that the goal of the present method is to devise an effective method for saddle-typed invariant limit sets rather than their manifolds. Basically, it is the prerequisite for the methods to construct manifolds, as carried out in Refs. [18] [19] [20] [21] , where the homo-or hetero-clinic orbits are well constructed.
